Let l be an odd prime which satisfies Vandiver's conjecture, let n 1 be an integer, and let K = Q(ζ n ) where ζ n is a primitive l n th root of unity. Let C l denote the cyclic group of order l. For each j , j = 1, . . . , l n−1 , there exists an inclusion of Larson orders in KC l : Λ j −1 ⊆ Λ j and a corresponding surjection of Hopf-Swan subgroups T (Λ j −1 ) → T (Λ j ). For the cases n = 1, 2 we investigate the structure of various terms in the sequence of Hopf-Swan subgroups including the Swan subgroup T (Λ 0 ).
Introduction
Let K be an algebraic number field with ring of integers R and let G be a finite abelian group. The group algebra KG can be viewed as a K-Hopf algebra where the comultiplication Δ : KG → KG ⊗ KG, counit : KG → K, and coinverse σ : KG → KG maps are defined respectively by g → g ⊗ g, g → 1, and g → g −1 for all g ∈ G, cf. [7, Part II] .
An R-order in KG is a subring Λ of KG which is a finitely generated R-module and which satisfies Λ ⊗ R K ∼ = KG. The R-order Λ is an R-Hopf order in KG if Δ(Λ) ⊆ Λ ⊗ Λ, cf. [1, §1] .
The invariance of Λ under Δ implies that (Λ) ⊆ R and σ (Λ) ⊆ Λ, hence Δ, , and σ serve as R-Hopf algebra maps for Λ. The integral group ring RG is an easy example of an R-Hopf order in KG.
The space of left integrals of the R-Hopf order Λ is defined as
For example, L RG = R g∈G g.
Let P be a prime ideal of R, and let R P denote the localization of R at P . For any Rmodule T , let T P = T ⊗ R R P .
Let M be a Λ-module. Then M is locally free over Λ if for each prime ideal P of R, M P is free over Λ P .
Let Z(Λ) be the free abelian group generated by the set of isomorphism classes Let Λ denote an R-Hopf order in KG with classgroup Cl(Λ). Suppose that r ∈ R is relatively prime to (L Λ ). The Hopf-Swan module is the Λ-module defined as r, L Λ = rΛ + L Λ .
The Hopf-Swan module r, L Λ is a locally free rank one Λ-module, and as such, gives rise to a class in Cl(Λ) of the form [ r,
The collection of these classes is a subgroup of Cl(Λ) called the Hopf-Swan subgroup, and is denoted by T (Λ), see [6, §2] . In the case that Λ = RG, T (Λ) reduces to the Swan subgroup, cf. [8, §2] , [2, §2] .
The computation of T (Λ) has important applications in Galois module theory. For example, when G is cyclic of prime order l, and Λ is any Hopf order in KG, there exists a Galois extension L/K whose ring of integers is a locally free Λ-module. (One simply has to ensure that L/K has the correct ramification numbers at the prime ideals above l.) Thus, if (L Λ ) is a principal ideal of R, every class in T (Λ) can be realized as the class of the ring of integers of some such L.
Thus it is of interest to compute the group T (Λ), if possible. Let l be an odd prime, let K = Q(ζ 1 ) where ζ 1 is a primitive lth root of unity, let G = C l denote the cyclic group of order l and put Λ = RC l . The prime l satisfies Vandiver's conjecture if l does not divide h + (Q(ζ 1 )), the class number of the maximal real subfield of Q(ζ 1 ). It seems difficult to generalize Theorem 1.1 to the case K = Q(ζ n ) where ζ n is a primitive l n th root of unity, n > 1. Moreover, there are no known calculations of T (Λ) where Λ is an R-Hopf order other than the integral group ring.
The purpose of this paper is to compute T (Λ) for various Hopf orders Λ ⊆ KG = KC l where K is cyclotomic.
Larson orders and Hopf-Swan subgroups
R. Larson has constructed a collection of R-Hopf orders in KG, G a finite group, using group valuations [3, §1] .
Let ν be a valuation on K corresponding to the prime ideal P . Let lZ be the prime ideal of Z which lies below P . For x ∈ ν(K), let ß x denote the ideal of K which satisfies ν(ß x ) = x and ν (ß x ) = 0 for all valuations ν not equivalent to ν.
A group valuation is a function ξ : G → R ∪ {∞} which satisfies: 
Hopf orders in KG of the form A(ξ ) are known as Larson orders. We apply Theorem 2.1 to the case G = C l = g , K = Q(ζ n ), for an integer n 1, where the prime l satisfies Vandiver's conjecture. Let
, and the ideal (λ n ) ⊆ R is prime with ν(l) = l n−1 (l − 1).
For each integer j , 0 j l n−1 , there exists a group valuation ξ j :
where g runs through all of the nontrivial elements in C l . For convenience (and consistency of notation) the Larson order A(ξ j ) will be denoted by Λ j . Note that Λ 0 = RC l and Λ l n−1 = M, which denotes the maximal integral order in KC l . One has (L Λ j ) = (λ n ) ( 
We seek to compute the Hopf-Swan subgroup T (Λ j ) for each j .
For 0 j < l n−1 , we proceed as follows. Let Y * denote the multiplicative group of units of the ring Y . Let K + denote the maximal real subfield of K. The cyclotomic units U + of K + are the elements of R * generated by −1 and quantities of the form
The cyclotomic units U of K are the elements of R * generated by ζ n and U + .
To each Λ j , 0 j l n−1 − 1, we associate the quotient
where
and σ j : R → R j is the canonical surjection.
Theorem 2.2. T (Λ
Proof. We first show that T (Λ j ) ∼ = R * j /σ j (R * ). By [6, §2] , there exist surjections 1 , 2 for which
We claim that the exponent of R * j /σ j (R * ) is relatively prime to l − 1. Since
and 
there is a chain of Hopf orders:
How are the corresponding Hopf-Swan subgroups are related? In view of Theorem 2.2, we consider the collection of quotients R * j /σ j (U ). Since
there is a natural surjection R j −1 → R j , which induces the surjection
for each j , 1 j l n−1 − 1. Thus there is a sequence of surjections
for 1 j l n−1 with T (Λ l n−1 ) = 1.
Computation of the Swan subgroup
For the remainder of this paper, we assume that the prime l 3 satisfies Vandiver's conjecture. We set K = Q(ζ n ), n = 1, 2, and consider the Larson orders Λ j ⊆ KC l constructed above.
For n = 1, 2 the resulting sequence of Hopf-Swan subgroups begins with the Swan subgroup T (Λ 0 ) = T (RC l ), which we compute in this section. Case n = 2. In this case,
There is a chain of Hopf orders:
and a corresponding sequence Hopf-Swan subgroups (all maps are surjections)
by [6, §3] . Thus we need only compute σ 0 (U ). To do this, we first prove two lemmas. 
with t 2 ≡ 0 mod l.
and write the polynomial
To establish the lemma, we compute the Taylor series expansion of p a (x) in the indeterminate x about the point 1, and reduce modulo l. We seek the coefficients t k so that
Let a = lm + r, 0 r l − 1, and put h = (a − 1)(l 2 − 1)/2. One calculates
for k 0. Now using the identity
which yields modulo l, An induction argument using Lucas' formula yields
which is valid for 0 y 0 x 0 l − 1 and x y 1. Moreover, if x y 1 and 0 x 0 < y 0 l − 1, then
Now with a = lm + 1,
and for a = lm − 1,
and thus by (2) and (3),
Thus the cyclotomic generators c a have the claimed expansions. 2
Using Lemma 3.2 we can compute the orders of the generators of σ j (U ) for 0 j l − 1. We now proceed with the calculation of σ 0 (U ). The group of cyclotomic units U is generated by the set {−1, ζ } ∪ A ∪ B, where
Let −1, ζ, A denote the subgroup of U generated by {−1, ζ } ∪ A and let B denote the subgroup of U generated by B. 
Proof. We have
since all elements of σ 0 (B) have order either l or 2l by Lemma 3.3(b), (c). Hence 
and so
, for some integer b; but since |A| = l(l −3)/2, and σ 0 (ζ ) has order l 2 , 
where s is the index of irregularity of the prime l and r is an integer
where r is an integer with
Theorem 3.7. Let l 3 be a prime which satisfies Vandiver's conjecture and let K = Q(ζ 2 ). Then
where s is the index of irregularity of l and where t satisfies 0 t min(r, l − 2) and is determined by
Proof. By Theorem 2.2, T (RC
, and by
where t is as claimed. 2 Example 3.8. For l = 3 and l = 5, the index of irregularity is s = 0. Several computations using GAP yield Table 1 . Table 1 l
, and so r = 7. Consequently, t = 0 since T (RC 5 ) = C 25 × C 6 5 .
Intermediate Hopf-Swan subgroups
From the previous section we have the sequence of Hopf-Swan subgroups:
where t is the integer defined in the statement of Theorem 3.7, and r is the integer given in Lemma 3.6. In this final section, we compute the Hopf-Swan subgroups T (Λ l−1 ), T (Λ l−2 ), and T (Λ l−3 ) for primes l 3 which satisfy Vandiver's conjecture. Recall that T (Λ j ) ∼ = R * j /σ j (U ). We can compute the numerators of these quotients as follows.
Proof. We have 
as in Lemma 3.4. Thus
We next compute T (Λ l−2 ). We already know the numerator of T (Λ l−2 ) by Lemma 4.1, so it is a matter of computing σ l−2 (U ).
Proof. σ l−2 (ζ ) has order l 2 and σ l−2 (c a ), a ≡ ±1, has order lw with 2l < lw l(l − 1) by Lemma 3.3(a), (d). Thus
for some η 0.
Observe
by Lemma 3.2(a), (b). Moreover, as in the proof of Lemma 3.4,
But this says that
Proof. We observe that for any integers m, n, 1 m, n (l − 1)/2, Proof. Suppose a = lm + 1 and let
Proof. Note that
be the expansion of c a . Then by formulas (2) and (3), we have 
we conclude that (4) Table 2 . We summarize the results of this paper with the following 
